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The main purpose of this paper is to obtain upper estimates for a certain cross- 
sectional measure of the solutions of a Dirichlet and an initial-boundary value 
problem associated with the Monge-Ampere equation in the plane-problems 
which are shown to be relevant to the two-dimensional motion of a perfect fluid of 
constant density, for example. The estimates obtained are valid irrespective of the 
character of the equation (elliptic, hyperbolic, or whatever); indeed, its character 
may vary within the plane region. The estimates easily yield pointwise estimates, 
together with criteria governing data which give rise to non-existence of a solution. 
The analysis is based on a particularly compact identity for the second derivative 
of the cross-sectional measure referred to above, and on comparison principles. 
The identity is also used to discuss estimates for a Dirichlet problem associated 
with a non-linear extension to the harmonic equation in the plane. 0 1989 Academic 
Press, Inc. 
INTRODUCTION 
We shall be concerned with a simply connected, two-dimensional plane 
domain bounded, inter alia, by two straight edges parallel to the y axis; in 
limiting cases, however, either or both may degenerate/vanish. We consider 
a class of sufficiently smooth functions $ which take the value zero on one 
of the curved/lateral boundaries and a constant, not necessarily zero, value 
on the other , and we define the cross-sectional “mean-square” measure 
A lemma is proved whose principal feature is that if furnishes a particularly 
compact and useful expression for F”(x). 
It is shown how pointwise upper bounds for 1+(x, y)l, reflecting position 
and valid up to the boundary, can be deduced from a knowledge of F(x) 
or from an upper bound for it. 
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The foregoing considerations are used in connection with some problems 
involving certain non-linear partial differential equations :
(i) a Dirichlet problem for the Monge-Ampere equation, 
(ii) an initial-boundary value problem for the Monge-Ampere 
equation, 
(iii) a Dirichlet problem for a non-linear extension of the harmonic 
equation. 
In each case a second order differential inequality for F(x) is obtained, 
$(x, y) being the solution of the problem (assumed to exist), and an 
explicit upper bound for F(x), in terms of the data, is obtained. Pointwise 
bounds for 1$(x, y)l, reflecting position and valid up to the boundary, 
follow. Furthermore, in the case of problems (i), (ii) above, we deduce 
criteria governing data which give rise to non-existence of solutions. 
The problems for the Monge-Ampere equation are shown to be relevant 
to the motion of a two-dimensional perfect fluid of constant density. 
Whereas estimates for the Dirichlet problem for the elliptic Monge-Ampere 
equation have been the subject of intensive study (e.g., Cl]), the principal 
interest of the estimates for the Monge-Ampere equation which are 
obtained here lies in the fact that they are independent of the character of 
the equation (elliptic, hyperbolic or whatever); indeed, the character of the 
equation may vary within the domain. 
1. NOTATION; LEMMA; POINTWISE BOUNDS 
Rectangular Cartesian coordinates are denoted by x, y and the usual 
subscript notation is used throughout, e.g., 
We consider a simply connected region R in the x, y plane 
(i) bounded by a straight line segment r, at x = 0, 
(ii) bounded by a straight line segment Tt at x = L, 
either or both of which may, in limiting cases, degenerate/vanish, and 
(iii) bounded by two curves %+ (upper) and K (lower); these 
curves, y = y + (x), y = y ~ (x), respectively (say), have the properties: 
(c() y’(x) >y-(x), (/I) they are defined in 0 Gx < L, (y) they are twice 
continuously differentiable with respect o x in 0 -K x < L. 
Let l(x)= y+(x)-y-(x) denote the width of the region at x. 
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We consider a function +(x, y) defined in the region R, which we 
suppose to be 
(a) three times continuously differentiable in i?/(r, u r,), 
(b) such that II/ = 0 on C, II/ = c(constant) on V, . (1.1) 
LEMMA. Let 
F(x) = jrx *; dY2 (1.2) 
where r, is the straight line contained in R whose points have abscissa x; 
then, for 0 < x -K L, 
(1.3) 
f”‘(x) = 2 jr, (+:y - Iclxxti,) dy - Icl; ~“1, (1.4) 
where ’ = d/dx, u = d21dx2, and the symbol g(x, y)] is defined thus: 
~~~~Y~l=~l~‘=~~~~Y+~~~~-~~~~Y-~~~~. 
Proof. The proof depends largely on the readily verified relations 
f gk Y(X)) = g, + g,y’, (1.5) 
$j jrx 4(x, y)dy= jr, $xdY+dY’l. (1.6) 
Straightforward use of (1.5), (1.6) yields the derivatives F’, F” of the 
function F defined in (1.2), 
F'(x) = j Wy$xy dy + $; ~‘1, (1.7) 
F”(x) = 2 j W& + 4vkA dy + (4J/&, Y’ + 2$&jr~‘~ + $: ~“1 
where integration by parts has been used in deriving the last line. 
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Differentiating relations (1.1) twice, using (1.5), we obtain 
+xX + II/, Y” + w, Y’ + 4Qyy Y’2 = 0 > 
on Ce+,GK. (1.9) 
Multiplying the latter by 2tiY and rearranging yields 
21clyL + 41c/,V&Y’ + 21cI,+, Y21 = -w: Y”1. (1.10) 
Substitution of (1.10) in (1.8) yields (1.4), which completes the proof. 
Remark. The above result (1.10) continues to hold if the conditions 
(1.1) are replaced by the more general conditions 
$=a+x+fl+ on C,, $=a-x+j- on C, 
where a+, b+, a-, p- are constants, and (1.4) continues to be valid 
accordingly. 
Pointwise Bounds. In subsequent sections upper bounds for F(x) are 
obtained in various contexts, and we now show how upper bounds for $, 
reflecting position and valid up to the boundary, may be deduced there- 
from. We give two somewhat different treatments for two different cases: 
(a) the case $ = 0 on both %+ , V_ ; (b) the case Ic/ = 0 on 5%) 1+5 = c (a non- 
zero constant) on %‘+ . To deal with case (a) we recall that 
ti2(5) G J-i wldY)2 dY a1 - 5/4 (1.11) 
(a Schwartz inequality) for arbitrary piecewise continuously differentiable 
I/J(~) such that $(O) = $(I) = 0, 0 G 5 <I; the equality sign holds iff 
t4Y)=Y/t(YGo> $(Y) = (I-YMl- <NY > 513 (1.12) 
apart from an arbitrary multiplicative constant. Thus 
Ill/(x, Y)I d ,/F(Y) 5(1- t/l(x)), (1.13) 
where r(x, y) denotes the minimum distance of the point in question from 
the lateral boundary and l(x) is the width of the region R at abscissa x. 
We give a somewhat different treatment of case (b). Applying Schwarz’s 
inequality to 
$(Y) = j$y 4s 
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we obtain 
Ibex, Y)l d (y-y-)“2F1’2(X), 
and the result 
I$(4 y) - cl < (y’ - yp* F”2(x) 
follows similarly. The latter plainly implies that 




2. PROBLEMS FOR THE MONGE-AMPERE EQUATION 
We now consider two related problems for a two-dimensional perfect 
fluid of constant density with a view to motivating a Dirichlet problem and 
an initial-boundary value problem for the Monge-Amp&e equation. 
The stream function $ for such a fluid (the x, y components of velocity 
U, u being given by u = GY, v = -II/,) satisfies the Monge-Ampere equation 
k&.” - $5 = %m4 (2.1) 
where p denotes the pressure and p the constant density-provided body 
forces are absent. (Equation (2.1) is also valid for the more general New- 
tonian viscous fluid of constant density). 
We consider a region R (defined in Section 1) with curved/lateral 
boundaries %+ , 5%) and straight edges r,, rL both of which are non- 
degenerate (not-vanishing) for the present. We suppose that it is entirely 
occupied by fluid (there is no cavitation), and that the lateral boundaries 
%+, K are rigid and accordingly correspond to streamlines. In the first 
instance, it is supposed that the x component of velocity u is specified 
pointwise on both r,,, r, in such a way that 
u dy = c(constant), (2.2) 
as required by the incompressibility constraint and the aforementioned 
assumptions. Of course, the aforementioned restrictions require that 
5 udy=c (2.3) 
generally. The stream function 1(/ for the flow satisfies the Dirichlet problem 
consisting of (2.1) together with the boundary conditions 
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ti = jyym u dy onroT rL, (2.4a) 
*=o on %:_ (2.4b) 
$=C on g+, (2.4~) 
where c is the constant contained in (2.2). It will be noted that $ is chosen 
to be zero on %- on availing of the fact that II/ is, in general, defined to 
within an arbitrary additive constant only. It will also be noted that if both 
r,, rL degenerate/vanish t en the constant c = 0. 
This type of Dirichlet problem arises in meteorology but the Monge- 
Ampere equation is augmented by terms simulating Coriolis effects (the 
resulting equation being known as the balance equation); see [S, Chap. 71, 
for example. 
We now turn to an initial-boundary value problem for the same region. 
Suppose now that both the x and y components of velocity u, u are 
specified pointwise on r, (only). This gives rise to the initial-boundary 
value problem for the stream function IJ? consisting of the Monge-Ampere 
equation (2.1) together with “initial” conditions 
II/ = jyye u 4s II/,= -v on r, (2.5) 
and the same boundary conditions (2.4b), (2.4~) as before. 
We now obtain bounds for the Dirichlet boundary value problem 
motivated above, 
I) E C’(R) n c3(Rp-, u r,), 
satisfying 
L4+yy-~:y=f(x9 Y) in R, (26a) 
f(x, y) being a given function, subject to 
*=O on V-, 1+9 = c(constant) on g+, (2.6b) 
and subject to @ specified pointwise on r,, r,. It will also be supposed in 
this analysis that %‘+ , 5% are convex (outwards): 
Y +“<O on V+, y-“do on K (2.7) 
We note that the Monge-Ampere equation (2.6a) is termed elliptic (with 
respect o the particular function II/ at the point in question) if 
*XX>0 and f(=vL~yy-Ic/~y)>o 
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(e.g., [ 11); plainly the two inequalities preceding imply that $,, > 0 also. 
The aforementioned reference deals with a priori upper estimates for the 
solution and some of its derivatives when the equation is elliptic, and con- 
tains a comprehensive bibliography in relation thereto. The interest of the 
estimates derived in this paper lies in the fact that they are independent of 
the character of the equation (elliptic, hyperbolic, or whatever); indeed, its 
character may vary within the region. 
The lemma (specifically (1.4)) implies that 
F”(x) 2 -2 s f dy, (2.8) 
bearing the boundary restrictions (2.7) in mind. It is clear that 
F(x) G G(x), (2.9) 
where G(x) satisfies the corresponding differential equation and the same 
boundary conditions, 
G”(x)= -2 [f dy, 
J (2.10) 
G(O) = J’(O), G(L) = F(L) 
(consider H= F- G, for example). It is plain that the equality sign occurs 
in (2.8) and (2.9) if the lateral boundaries V, , Vg_ are straight lines. 
Furthermore, pointwise upper bounds for I$[, reflecting position and 
valid up to the boundary, follow from (2.9) in the manner described in 
Section 1. 
A lower bound can also be obtained for F(x) on exploiting the boundary 
conditions (2.6b) and on using the Schwarz inequality: it follows that 
F(x) > c*Z- l(x), (2.11) 
l(x) being the width of the region at the coordinate x. 
We remark that criteria for non-existence of solution to the Dirichlet 
problem are obtainable from the following considerations: if f is such that 
G is anywhere negative then F is negative a fortiori, contradicting the non- 
negative character of F, and non-existence follows. More generally, if the 
function f is such that the solution G of (2.10) has the property 
G(x) < c*Z-‘(x) (2.12) 
at any point x(0 < x c L), then (2.11) is contradicted, and non-existence 
follows. It is not hard to construct regions R and functions f giving rise to 
such non-existence criteria. 
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We now consider some illustrative examples, using the simpler of the two 
aforementioned criteria (that most appropriate to the case c=O) in the 
interests of obtaining explicit results. We consider the case r, = r, = 0 
and c=O on V+, and proceed to prove that 1 f dA -C 0 gives rise to non- 
existence. 
Suppose f f dA ~0; then on integrating (2.10,) with respect to x 
(between (0, L)) we obtain G’(L)- G’(O)>O. Since G(O)= G(L)=O, it 
follows that G, and hence F, is negative in the neighbourhood of (at least) 
one of the end points x = 0, x = L (but excluding the end point(s)); this 
completes the proof. The same result is obtainable from the readily 
verifiable identity 
where p denotes the radius of curvature of the (convex) boundary ‘Z. 
Two further examples are now given which show that j f dA > 0 is 
insufficient for existence : 
(a) Consider the class off such that 1 f dy = 4 sin(2xx/L) for which, 
evidently, f f dA = 0. In this case, G = (L/27~)~ sin(2rrx/L) and it is evident 
that G, and hence F, is negative in )L/2, L(; thus there is non-existence in 
these circumstances. 
(b) Consider the class off such that J f dy = 4 sin(3rcx/L), for which, 
evidently, j f dA > 0. In this case, G = (L/37~)~ sin(3rcx/L), and it is evident 
that G, and hence F, is negative in )L/3, 2L/3(; thus there is non-existence 
in these circumstances. 
We now turn to the initial-boundary value problem motivated above: 
the problem is to find 
* = C2(R) n C3(i?/i-, u r,) 
satisfying the Monge-Ampere equation (2.6a) subject to the boundary 
conditions on the lateral boundaries (2.6b) together with the “initial” 
conditions #, $, specified on r,. It will be supposed in this case that the 
lateral boundaries V+ , %- are concave (outwards): 
Y +“gO on %?+, ye”<0 on K. 
The lemma (specifically (1.4)) implies that 
F”(x)< -2 j f dy. (2.14) 
(2.15) 
It follows that 
F(x) < G(x), 
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where G(x) satisfies the corresponding differential equation and the same 
“initial” conditions, 
G”(x)= -2 ~j-dy 
and (2.16) 
G(O) = F(O), G’(0) = F’(O), 
the conditions (2.16), being computable from the initial conditions on I(/, 
bearing (1.3) in mind. Again it is plain that the equality sign holds in (2.14) 
and (2.15) if the lateral boundaries V, , 5% are straight lines. Furthermore, 
pointwise upper bounds on I$[ reflecting position and valid up to the 
boundary, follow in the same way as before. Finally, we note that the lower 
bound for F(X) given by (2.11) continues to be valid here. 
The general non-existence criteria discussed in connection with the 
Dirichlet problem are also available in the present context. With a view to 
obtaining explicit non-existence results, we adhere to the simpler criterion 
(that most appropriate to c = 0). Defining the constant m by 
min fdy=m, 
I s 
it follows (cf. (2.15), (2.16)) that 
F(x) < G(x), 
G”(x) = -2m, G(0) = F(O), 
Hence 
(2.17) 
G’(0) = F’(0). 
(2.18) 
F(x) < -mx2 + F'(O)x + F(0). (2.19) 
The cases where m is positive, and where m is negative, are considered 
separately : 
(a) the case m >O: the quadratic bounding F above in (2.19) 
becomes negative for sutliciently large x, and thus there is non-existence for 
sufficiently large x; 
(b) the case m ~0: the quadratic bounding F above in (2.19) is 
negative within a subinterval of (0,L) provided 
0 < F’(0)/(2m) -C L, F(0) + [F’(0)12/(4m) ~0. (2.20) 
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The inequalities (2.20) are conditions on the data guaranteeing non- 
existence of solution. 
Generalizations. The above analyses for two classes of problems for 
the Monge-Ampere equation (problems motivated in a particular fluid 
dynamics context) may readily be generalized to accommodate general 
boundary conditions on the lateral boundaries. 
Suppose the boundary conditions on the lateral boundaries are 
IC/=h+(x) on w+, $=h_.(x) on C. (2.21) 
Equation (1.4) is readily generalized (bearing in mind (2.6a)) to 
fYx)= -2 [fdy-$;y”]+2$,h”] (2.22) 
where it is understood that +, - subscripts are appended to h on %+ , GK, 
respectively. 
Inequalities analogous to (and generalizing) (2.8) and (2.14) are 
obtainable on completing the square in (2.22): 
(a) lateral boundaries strictly convex (outwards), (i.e., y” < 0 on VZ+, 
y”>O on C, 
F”(x)> -2 jfdy+h”2,‘(yl)l. (2.23) 
(b) lateral boundaries strictly concave (outwards), i.e., y” > 0 on V+ , 
y”<O on C, 
F”(x)< -2 Ifdy+hrf2/‘(y”)]. (2.24) 
Again these inequalities generate upper bounds for F(x), whence may be 
deduced non-existence criteria on data; note that inequality (2.12) is easily 
generalized. 
3. NON-LINEAR HARMONIC TYPE DIRICHLET PROBLEM 
We now consider a Dirichlet problem for a non-linear extension of the 
harmonic equation in a two-dimensional region-particularly a rectangle. 
Suppose R is the rectangle 0 < xc L, 0 < y < a. Suppose that 
II/ E C’(R) n c3(R/ro u r,) 
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satisfies 
tin + (Ic/.V.“Y = 0 in R, 
l+b=o on edges y = 0, a, 
$ specified on edges x = 0, L, 
where n is an odd, positive integer. 
The quantity F(X), defined by ( 1.2), plainly satisfies 
F”=2 j C~:,+W,)“+‘I~Y 
in view of (1.4). 




for arbitrary functions u(y) E C*(O, a) such that 
u(0) = u(a) = 0. 
The problem of finding the best possible M(n) is fairly formidable (see [2], 
for example). We note that a possible value of M(n) can be obtained as 
follows: Holder’s inequality implies that 
(3.4a) 
or 












for arbitrary u E C’(O, a), u(O) = u(a) = 0 (see Beckenbach and Bellman [3], 
for example), it follows that 
(n + I Y2 
(3.6) 
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Thus a possible value of M(n) is given by 
M(n) = 71 n+l,-(3n+1)/2 





’ I& d~7+2M(n)F(“+‘)‘~. 
0 
(3.7) 
(J’9” = $-3’2[FFn _ 4$4-J, 
it follows from (1.3), (3.7), (3.8), and Schwarz’s inequality that 
(F”‘)” - IVI(~)(F”~)” > 0 
(3.8) 
(3.9) 
It follows from a well known comparison theorem (e.g., Protter and 
Weinberger [4]) that 
F112(x) < G(x), (3.10a) 
where G(x) satisfies the corresponding differential equation and boundary 
conditions 
G”-M(n)G”>O, 
G(O) = f’(O), G(L) = F(L). 
(3.10b) 
Pointwise upper bounds for I$[, reflecting position and valid up to the 
boundary, follow from ( 1.13). 
Remark. It is easily verified that the bound (3.10) is best possible in the 
special case when n = 1 (with M(n) given by (3.6a)) and when L/a + 00; 
this occurs when $(O, y) = c sin rcy/a, c being a constant, and +( co, y) = 0. 
It is also possible to use much of the above method to obtain similar, 
albeit cruder, explicit upper estimates for the corresponding Dirichlet 
problem in a non-rectangular egion with (outwardly) convex lateral boun- 
daries. Considering a region as outlined in connection with the lemma, we 
consider the Dirichlet problem 
I) E C’(R) n c3(R/ro u r,) 
such that (3.1) is satisfied in R together with 
*=o on %+,K, 
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while $ is specified on f,, rL; in limiting cases rL is allowed to 
vanish/degenerate. As before, it is plain that the (weaker) inequality 
f’” - 2M(n) F’” + ‘v2 3 0 (3.11) 
holds; some progress in the direction of the improved inequality (3.9) is 
possible under further restrictions on the boundary, but this is not pursued 
here. On using the same comparison theorem as before, we obtain 
F(x) d H(x), (3.12) 
where H” - 2M[n)H’“f”‘2 2 0 and H(0) = F(O), H(L) = F(L). 
Remark. The above methods are easily adapted to the same problems 
for the more general differential equation 
where b, are positive and C denotes summation over the relevant set of 
odd, positive integers. 
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